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During a pulsar glitch the angular velocity of the star may overshoot, namely reach values greater
than that of the new post-glitch equilibrium. In this Letter we present a minimal analytical model,
able to assess the presence of an overshoot. We employ it to fit the data of the 2016 glitch of the
Vela pulsar, obtaining estimates of the moments of inertia of the internal superfluid components
involved in the glitch and of the spin-up and relaxation timescales. The results imply a reservoir of
angular momentum extending beyond the crust and an inner core of non-superfluid matter.
Radio pulsars are known for their stable rotational pe-
riod. Nevertheless, several pulsars exhibit sudden and
sporadic spin-up events of small amplitude, known as
glitches [1]. Since the pioneering work of Baym et al. [2],
several models proposed to describe glitches by formally
dividing the spinning neutron star into two parts: a nor-
mal component, corotating with the observed beamed
radiation of magnetospheric origin, and a superfluid neu-
tron component [3]. A difference of angular velocity
may develop between the two components (constituting
a reservoir of angular momentum) thanks to the pinning
of the superfluid vortices to impurities of the crustal lat-
tice [4] or to the quantized flux-tubes of magnetic field
permeating the outer core [5]. Following this paradigm,
several models have been employed to study glitching
pulsars, yielding indirect constraints on the neutron star
structural properties through observations [6–14].
The possibility to test our understanding of the glitch
mechanism is hindered by the difficulty to observe
glitches in the act. In fact, glitch rises are generally not
resolved, due to intrinsic noise in the time of arrival of
single pulsations. Moreover, in spite of the fact that the
Vela pulsar has been monitored for fifty years, only a cou-
ple of notable events allowed to put a strong upper limit
of 40s on the timescale of the glitch spin-up [15, 16].
Only recently, with the observation of a glitch on 12th
December 2016, it has been possible to measure the time
of arrival of single pulses during the glitch with a preci-
sion never achieved before, and thus to obtain some in-
formation on the first seconds after the event [17]. This
kind of observation opens a new window for theoretical
speculations. In fact, complex behaviour during the spin-
up and the first minute of the post-glitch relaxation has
been predicted in simulations based on hydrodynamical
models of the neutron star internal structure, when more
than just two rigid components are considered [18–21]:
when the superfluid component is allowed to sustain non-
uniform rotation, different regions may experience differ-
ent friction and hence recouple to the observable normal
component on different timescales, giving different glitch
shapes.
In particular, depending on the strength of the cou-
plings and on the initial conditions for the relative mo-
tion between the various components, a glitch overshoot
(a transient interval in which the observable component
spins at a higher rate than the post-glitch equilibrium
value, obtained by emptying the whole angular momen-
tum stored into the superfluid reservoir [20]) is observed
in such models.
In this Letter we give a simple quantitative result for
the onset of a glitch overshoot, by employing a three-
rigid-component model for the glitch dynamics (which is
the minimal model capable of reproducing an overshoot),
and we use it to fit the 2016 glitch of the Vela pulsar.
The fit results allow to determine some physical proper-
ties of these three components, like the relative coupling
timescales and the moment of inertia fractions.
Generalising the approach of Baym et al. [2], the pul-
sar is described by means of three rigidly rotating compo-
nents. We consider two neutron superfluid components
(labelled with 1, 2 subscripts), that exchange angular
momentum with a normal component p on timescales
τ1,2. The p-component is interpreted as all the charged
particles coupled to the observable magnetosphere on
timescales shorter than τ1 and τ2, while we do not need
to specify what the two superfluid components are: in
fact, the equations we are going to write are completely
general, as they derive from conservation of angular mo-
mentum and the only assumption of rigid rotation of the
three components. Physically, however, they could rep-
resent the P-wave superfluid in the core and the S-wave
one the crust, as the physical conditions of these regions
are completely different. We thus employ a set of three
equations, one for the conservation of angular momen-
tum, and two representing the interaction between the
normal component and each of the two superfluid com-
ponents:
Ω˙p = − 1
xp
(
x1Ω˙1 + x2Ω˙2 + |Ω˙∞|
)
Ω˙1 = −xpΩ1 − Ωp
τ1
Ω˙2 = −xpΩ2 − Ωp
τ2
(1)
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2where xi = Ii/I, for i = 1, 2, p, are the ratios of the par-
tial moment of inertia Ii of the i-component with respect
to the total one I = I1+I2+Ip, so that x1+x2+xp = 1.
The quantity |Ω˙∞| sets the intensity of the external brak-
ing torque (for Vela Ω˙∞ ≈ −9.78 × 10−11 rad/s, but its
precise value is unimportant in the following analysis).
In this first study we neglect superfluid entrainment
[22, 23], which would yield a rescaling of the partial mo-
ments of inertia (keeping their sum I constant) and of τ1
and τ2 [20].
For a real pulsar we expect the two timescales τ1,2 to
be complicated functions of the instantaneous angular ve-
locity lags Ωip = Ωi−Ωp and also to depend on the past
history of the vortex configuration and internal stresses.
In a model with rigid components, these timescales de-
fine the strength of the vortex-mediated mutual friction,
which is responsible for the angular momentum exchange,
suitably averaged over the region of interest.
How to construct realistic models of vortex-mediated
mutual friction (i.e. understanding the many-vortex dy-
namics in neutron stars in the presence of pinning sites)
is one of the current challenges of glitch theory. In the
present phenomenological description we assume that, at
the glitch time, τ1,2 undergo a transition from large “pre-
trigger” values to much smaller “post-trigger” values: the
nature of the trigger is undetermined but, according to
this simple picture, the vortices change their state of mo-
tion, increasing their creep rate and thus mimicking the
onset of a vortex avalanche [24]. In fact, if the vortices of
the i-component are pinned, or their motion is severely
hindered, the timescale τi diverges, so that the corre-
sponding Ωi remains constant regardless of the state of
motion of the other components. Therefore, pinning im-
plies the decoupling of that component from the rest of
the system, while a suddenly recoupling of such a compo-
nent results in an exchange of angular momentum from
the superfluid to the crust, leading to a glitch.
We now study the solutions of the system (1). Since
the main goal of the present analysis is to provide the sim-
plest criteria for overshooting glitches, we take τ1 and τ2
to be constants for t > 0, thus neglecting the repinning
process (that may be nonetheless important for a com-
plete description of the interglitch dynamics): this ap-
proximation should hold at least for the overshoot phase.
First, it is useful to rewrite the problem using the lags
Ωip as variables instead of Ω1 and Ω2. In this way, the
two equations for Ω˙ip do not depend on Ωp, and it is
possible to solve them independently from the equation
for Ω˙p. To set the unknown initial conditions Ω
0
ip we
rely on a physical assumption: we impose the component
1 to be a “passive” one that does not change its creep
rate (i.e. τ1 is always constant and Ω
0
1p = τ1 |Ω˙∞|/xp),
while the component 2 (acting as the reservoir) has a lag
Ω02p = ω(0) + τ2 |Ω˙∞|/xp. The positive quantity ω(0) is
the excess lag with respect to the asymptotic post-glitch
steady-state lag, which has been accumulated before the
triggering event.
The angular velocity of the normal component for t > 0
can finally be written as Ωp(t) = Ω
0
p + Ω˙∞t + ∆Ωp(t),
where the difference ∆Ωp(t) with respect to the steady-
state is given by
∆Ωp(t) = x2ω(0)−Q+R
τ+
e−t/τ− +
Q−R
τ−
e−t/τ+ , (2)
In the above expression the following constants have been
defined:
Q = 1− x1 − β(1− 2x1 − x2) (3)
R =
√
[1− x1 + β(1− x2)]2 − 4β(1− x1 − x2) (4)
 =
x2τ1
2(1− x1 − x2)R ω(0) (5)
τ± =
2βτ1
1− x1 + β(1− x2)∓R , (6)
where β = τ2/τ1 is the ratio between the two timescales
and τ+ > τ− > 0.
It is interesting to point out some properties of the
expression in (2). First, we have ∆Ωp → ∆Ω∞p = x2ω(0)
for t→∞, which is the glitch amplitude measured at t
τ+. The glitch amplitude, however, can overcome this
asymptotic value at earlier times: the presence of such
an overshoot is revealed by the existence of a maximum
in ∆Ωp(t), occurring at time
tmax =
τ1β
R
ln
(
Q+R
Q−R
)
. (7)
The maximum exists only if the argument of the loga-
rithm is positive, which implies β < 1. In other words,
the condition for an overshoot is that the post-glitch
timescale τ2 associated to the “active” component (that
in the pre-glitch state was only loosely coupled to the rest
of the star) must be smaller than the timescale τ1 of the
“passive” component (that does not change its coupling).
From the physical point of view, the overshoot occurs if
the “active” superfluid region that stores the angular mo-
mentum for the glitch can transfer its excess of angular
momentum to the normal component faster than the typ-
ical timescale the “passive” superfluid component reacts
with.
We now study the time dependence of the time resid-
uals r(t) with respect to the timing model of a uniformly
decelerating pulsar (see [21]):
r(t) = − 1
Ωp(0)
∫ t
0
∆Ωp(t
′)dt′ + r0 . (8)
where a constant residual r0 has been added to account
for an offset due to magnetospheric changes. It is easy to
see how the condition for the overshoot is translated in
terms of the residuals: the glitch presents an overshoot
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FIG. 1. Representation of a glitch with (β = 0.1) and without
(β = 1.1) overshoot, and a plot of the fitted curve (β ≈
10−3). The remaining parameters are taken from Table I.
In the upper panel we show the angular velocity with respect
to the steady state, ∆Ωp, in the lower panel the (shifted)
residuals, r(t)− r0.
if r(t) is first concave downwards, then upwards, with a
flex point at t = tmax. Conversely, a non-overshooting
glitch is always concave downwards. In Figure 1 we show
the behaviour of both the angular velocity with respect
to the steady state and of the residuals, for β = 0.1 < 1,
for β = 1.1 > 1 and for the fitted parameters (i.e. those
in Table I, see below).
Looking at the averaged data for the 2016 Vela glitch
shown in Graber et al. [21], we deduce that that glitch
presents an overshoot, as it shows a positive concavity
before reaching steady-state. The first instants of neg-
ative concavity are lost, probably due to the extremely
fast acceleration of the star and to the magnetospheric
change in the pulsar magnetic field [17]. The overshoot
was also recently confirmed by Ashton et al. [26].
We now fit expression (8) (which contains 7 inde-
pendent parameters) to the data of the residuals made
available by Palfreyman et al. [17] using a least-squares
method. However, some precautions have to be taken.
First, although the glitch time tgl and amplitude ∆Ω
∞
p
were already estimated by Palfreyman et al. [17], here
we will take them as free parameters, thus allowing for a
check of our results. Secondly, as noticed by Palfreyman
Parameter Fitted result
x1 0.60± 0.01
x2 0.08± 0.01
τ1 34.6± 1.3 s
∆Ω∞p 1.014 · 10−4 rad/s
β (2.3± 1.6) · 10−3
r0 0.086± 0.002 ms
tgl 2.0± 0.1 s
TABLE I. Results of the fit for the 7 independent parameters
of Eq. 8. The time of the glitch is given with respect to t0.
The relative error on ∆Ω∞p is of order 10
−5
et al. [17], soon after a null (missing) pulse at time t0, a
sudden and persistent increase of the timing residuals has
been detected in the time interval between t1 = t0 + 1.8s
and t2 = t0 + 4.4s. This behaviour may correspond to
a slow down of the star just before the glitch [26] or to
a magnetospheric change in the star [17]. As we are not
able to model this kind of phenomena with the current
equations, we will just consider the resulting positive off-
set in the timing residuals r0 as a variable for our fit.
For the same reason, we will have to neglect some of the
data after the occurrence of the glitch. Indeed, during
the interval ∆tm = t2 − t1 the emitting magnetosphere
has decoupled from (is not corotating with) the rapidly
accelerating crust, consistent with the timescales of sec-
onds predicted for the relaxation time of the quantum
plasma in the magnetosphere [27]. Therefore, the data
around the interval ∆tm do not describe the crust ro-
tation and should be excluded from the fit. In order to
decide when the magnetosphere recouples and hence how
much data to neglect, we perform the fit using different
sets of data: first we fit using all the data with t > t2−1s,
then we fit using the data with t > t2 − 0.9s, and so on
up to t2 + 4s (beyond this, too much data has been ne-
glected and the fitting does not converge) proceeding by
0.1s time-steps. We then choose the range of fits where
∆Ω∞p (the best determined parameter) stabilises (in our
case from t2 + 0.5s to t2 + 2s), and calculate the mean
and the standard deviation of the other parameters in
this range.
The results, shown in Table I, yield some interesting
considerations. First of all, the glitch size ∆Ω∞p is the
same as what obtained in Palfreyman et al. [17] (∆Ω∞p =
1.006 · 10−4 rad/s) once their long-term (τd = 0.96 day)
decay term ∆Ωd = 0.008 · 10−4 rad/s (absent in our
model, since the data we use cover only 72 min across
the glitch) has been added.
Moreover, from equation (6) we find the decay
timescale τ+ ≈ 40 s, close to the shortest timescales mea-
sured in the 2000 and 2004 Vela glitches [15, 16]. How-
ever, the value β  1 implies the presence of a second
timescale, much shorter than τ+: the rapid spin-up of
the star occurs on this timescale, namely τ− ≈ 0.2 s from
4FIG. 2. Moment of inertia fraction of the neutrons enclosed
in a spherical shell extending from the radius at which the
neutron drip starts to the radius corresponding to a certain
baryon number density. The baryon density corresponding to
the internal boundary of the shell is given in units of n0. The
vertical line marks the core-crust transition at 0.45n0. The
shaded region extends from x2 = 0.08 to x1 + x2 = 0.68. We
used the SLy4 equation of state and four reference masses:
1, 1.4, 1.8 and 2 M. The inset is a zoom on the outermost
regions of the core.
the parameters of our fit.
The very small value of β requires two different phe-
nomena acting in two different region of the superfluid.
If the interpretation of the two superfluid components as
those in the core and in the crust of the star is correct
[21, 28], then the model is able to predict a ratio between
the coupling parameters of electron scattering off mag-
netised vortices and of kelvon scattering. Values of β in
the range 10−3 − 10−2 are compatible with theoretical
calculations [21].
Regarding tgl, our value is smaller (but within the er-
ror bars) than what estimated in Palfreyman et al. [17].
We find tgl ≈ t1, which supports the idea that the mag-
netosphere decoupling is associated to the onset of the
glitch.
We finally discuss the fractional moments of inertia. In
Figure 2 we display the partial fraction of neutrons for
shells starting from the surface and going deeper into the
star, using a unified nucleonic equation of state (SLy4
[25]) and for different values of the stellar mass. We
see that the value x2 ≈ 8% implies that the reservoir
cannot be limited to the crust (which contains at most
5% of the neutron fraction, and even less when strong
entrainment is considered [8, 9]), but extends into the
outer core. For a standard 1.4M star, the intersection
of the curve with the lowest horizontal line in Figure 2
shows that the reservoir extends to about 0.75n0 (with
n0 = 0.168 fm
−3 the nuclear saturation density); this is
compatible with some calculations of S-wave pairing gaps
[11, 14].
We also see that x1 + x2 ≈ 68%, implies that the mo-
ment of inertia fraction associated to normal matter is
xp ≈ 32%. This is much more than the value predicted
by equations of state without an inner core of exotic mat-
ter (between 5% and 10%, as shown for SLy4 by the
endpoints of the curves in Figure 2, which give the total
neutron fraction of the star, xn, the remaining 1 − xn
then being the proton fraction). Therefore, our results
suggest the presence of an inner core of non-superfluid
matter strongly coupled to the charged component. For
each mass in Figure 2, the intersection of the curve with
the upper horizontal line identifies the transition density
to the innermost region that is rigidly coupled to the nor-
mal component. For a standard 1.4M star, such a core
would start around 2n0. This is compatible with mi-
croscopic calculations, which predict the appearance of
an inner core of non-nucleonic matter (hyperons, meson
condensates, quarks) at densities in the range 2n0− 3n0.
In conclusion, the fit of the 2016 Vela glitch with
this minimal three-component model has provided sev-
eral interesting physical quantities, like rise and decay
timescales, fractional moments of inertia of the differ-
ent components, time and amplitude of the glitch. The
results are quite close to theoretical expectations; in par-
ticular, we find a reservoir extended into the outer core
and the presence of an inner core coupled to the normal
charged component. It would also be interesting to study
the effect of superfluid entrainment and the possibility of
both components being “active” (two distinct reservoirs
of angular momentum): we plan to address some of these
issues in future work.
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